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N o n c o m p a c t  Leaves of  Foliat ions of  Morse  Forms 

I. A.  M e l ' n l k o v a  UDC 515.164 

ABSTRACT. In this paper foliations determined by Morse forms on compact manifolds a re  considered. An 
inequality involving the number of connected components of the set formed by noncompact leaves, the number 
of homologically independent compact leaves, and the number of singular points of the corresponding Morse 
form is obtained. 
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Consider a Morse form w that determines a foliation with singularities U~, on a compac t  manifold M '~ . 
For compact foliations, the author obtained (see [1]) an estimate for the number  o f  homologically inde- 
pendent compact leaves in terms of the number of singular points of the corresponding Morse form. Here 
we extend this inequality to noncompact foliations. 

Further, we obtain an estimate for the number s of connected components of the  set formed by non- 
compact leaves in terms of some characteristics of the Morse form. In [2] Arnoux and  Levitt obtained the 
following estimate of s in terms of characteristics of the manifold M: 

s < ~-fll(M"). (1) 

In the present paper we show that these two estimates coincide for two-dimensional manifolds, and that 
they are independent in the general case. 

w Bas ic  def in i t ions  

Consider a smooth compact connected oriented manifold M of dimension n wi th  a closed 1-form fl 
having only Morse singularities; below these forms will be called Morse farms. B y  Singw denote the 
set of the singular points of w. A closed form w determines a foliation ~" of codimension 1 on the set 
M \ Sing w. 

Let us denote a foliation with singularities ~'~, on M as follows. 
Suppose that  the foliation ~" is locally determined in the neighborhood of a singular point p,  p E Singw, 

by the level surfaces of functions fv such that fv(P) = O. It is clear that f~l(O)\p C UTi, where 7i e ~'. 
A leaf 7 E .~ is called a nonsingular leaf of ~'~ if 7 N f~'~(0) = ~ for any p E S ingw.  Pu t  

Fv=PU{Te~c lTNf ; l (O)#~ }  and F= U fv" 
pESing 

A singular leaf Vo of ~'~, is a connected component of F .  It is clear that the number  of singular points 
is finite for Morse forms. 

Let us assign the homology class [7] to each nonsingular compact leaf 7 E ~'~,. T h e n  the image of the 
set of nonsingular compact leaves generates a subgroup in Hn-I(M). We denote this  subgroup by H~.  

Let p be a singular point of a Morse form w, and let x 1 , . . . ,  x" be coordinates in the neighborhood 
of p such that 

o.) = E xi  dxi  -- xi dxi" 
i=I i=A+l 

Then the index indp of thc singular point p is the number min{R, n - A}. By •i denote the set of 
singular points of index i. 
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w T h e  g r a p h  o f  a foliat ion 

Consider the set U C M of all nonsingular compact leaves of ~'~. By virtue of Lemma 2.1 from [3], 
for any nonsingular compact leaf 7 there exists a neighborhood consisting of leaves homeomorphic to 7. 
Let us denote by 0 ( 7 )  the maximal neighborhood with this property. Then U = O-r 0 (7 ) -  Note that 
O(~/) _'2 7 x R whenever Singw # O. 

If the leaves 7 and 7' are different, then the sets 0 ( 7  ) and O(7' ) are either disjoint or coincide. Thus 
k there are at most four cylinders 0 (7 )  attached to a singular point p, i.e., p E {,Ji=~ O(7i) ,  where k _< 4, 

and thus the number of different sets 0(3') is finite. Consequently, U = ON=I O(7i) .  
The set M \ U consists of singular compact and noncompact leaves of to. The number of singular 

compact leaves is finite; further, it was shown in [2] that the number of connected components of the set 
formed by noncompact leaves is finite as well. Thus the set M \ U consists of a finite number of connected 
components Wt,. 

Let us consider the closure of U: 

N 

- U  U = V~, where Y~ = 0(7i  ). 
i = 1  

By Lemma 2.2 from [3], each connected component of the boundary 0r~ lies in some singular leaf 3'0. Since 
the singular leaves lie in M \ U, we see that the set Wk such that Wk D 70 is assigned to each singular 
leaf 70. Consequently, the sets Wt, correspond to the connected components of the boundary 0V/, and 
av, n wk # o .  

Let us assign a finite graph F to M by identifying the sets r~ with its edges and the sets Wk with its 
vertices. An edge ~ is incident to a vertex Wk if 0 ~  D Wk # ~ .  The graph r is called the associated 
graph of the foliation ~',~. 

There are two types of vertices Wt~ of I'. If the singular leaf 7o C Wk is compact, then 70 = Wk, 
because Lemma 2.5 from [3] implies that a sufficiently small neighborhood of a compact singular leaf 
consists of nonsingular compact leaves. We say that the vertices Wk = 3'0 are vertices of the first type and 
we denote them by 70 ; the corresponding singular leaves are compact. The vertices Wt~ # 7o are said to 
be vertices of the second type; the corresponding singular leaves are noncompact. 

Consider vertices of the first type: the singular leaf 7o is compact. If 70 13 fl0 # ~ ,  then the degree 
of the corresponding vertex is equal to 1. If 170 f3 fill = m > 0, then Theorem 3.1 from [3] implies the 
estimate degT0 _< m + 2 for the degree of the corresponding vertex. If 70 f3 (fl0 O fZl) = ~ ,  then this 
vertex has degree 2. 

Consider vertices of the second type: the singular leaves 70 C Wk (along which the sets Vi axe glued) 
are noncompact. Obviously, we have 7o f3 fl0 = ~ .  If 170 f3 f~ll = rn > 0, then Theorem 3.1 from [3] 
implies that the number of the sets I~ glued to 70 does not exceed m.  If 70 fl fll  = ~ ,  then it is easy to 
see that 70 f3 0 ~  = O. 

So, taking the sum over all the singular leaves lying in Wk, we see that if [Wk f3 ~'~11 ~ m,  then the 
degree of Wt~ is at most m.  Note that the relation m = 0 holds only if the foliation contains no compact 
leaves. 

The graph I" is connected. 

w T h e  m a i n  t h e o r e m  

Let us denote by s the number of connected components of the set formed by noncompact leaves. 

T h e o r e m  1. The following inequality holds: 

rkH. +s  < ~(1~,1- I~ol) + 1. 
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P r o o f .  Consider the graph F of a foliation ~',~. By re(F) denote the cyclic rank of the graph F, 
by Q denote the number of its edges, and by p(i) the number of vertices of the j t h  type, j = 1, 2. By 
Theorem 4.5 from [4], for connected graphs we have the following relation: 

re(F) = Q - (P( ' )  + p(2)) + 1. 

Let k~ j) be the number of vertices of the j t h  type of degree i. Then 

P(J) = E k~D' 

and Theorem 2.1 from [4] implies that 

i>0 

i>o 

Note that s = p(2) .  So we have the relation 

2re(r )  + 2 ,  = + y : ( i  - + + 2. 
i>1 i>o 

It is clear that k~ x) = I 01. By Theorem 3.1 from [3], the second summand is less than or equal to 
the number of singular points of index I belonging to compact leaves. As shown above, that  deg Wk < 
[WI, N ill[;  consequently, the third summand is less than or equal to the number of singular points of 
index 1 belonging to noncompact leaves. Thus we obtain the inequality 

2re(r) + 2 s  < I ,1- lad +2.  

Let us examine the cyclic rank of the graph r .  

L e m m a  1. The inequality rk H~ <_ re(F) holds. 

P r o o f .  Each vertex of the associated graph r imposes a linear equation on the homology classes of the 
leaves 7i, where 7i E ~ ,  and so the graph r determines a system of P linear equations in Q variables, 
where P is "-he number of vertices of the graph and Q is the number of its edges. The  r~nk rk Hw does 
not exceed the rank of the space of solutions of this system. The matrix of this system is the incidence 
P x Q matrix of the connected graph r .  Here the columns corresponding to the loops are zero columns, 
because a loop is incident to the corresponding vertex twice with opposite signs. By virtue of Theorem 13.6 
from [4], the rank of the incidence matrix is equal to P - 1. Consequently, rk H~, < Q - P § 1 = re(r). 
The lemma is proved. [] 

Now Lemma 1 yields the inequality 

2 r k H ~  + 2s < IQI[  - IfZol + 2. 

This completes the proof of the theorem. [] 

This theorem implies the following upper bound for the number s of the connected components of the 
set formed by noncompact leaves: 

_< 2(1 ,1- I ol) + 1. (2) 
I 

Let us show that estimates (1) and (2) are independent. 
Consider a winding of the torus T" determined by a nonsingular 1-form with constant coefficients. 

Since [~1[ -- In0[ -- 0, it follows from (2) that s < 1. Further, since BI(T n) - n ,  we see that  s <_ n/2,  
and for n > 2 estimate (2) is sharper. 

Now consider a manifold M n such that fll (M")  = 1, and a foliation determined by a height function. 
Then [fl0[ = 2, [f~l[ >_ 2, and s < 1 because of estimate (2). On the other hand, it follows from (1) that 
s _< 1/2. Thus estimate (1) is sharper in this case. 

The following statement shows that the two estimates are equivalent in the two-dimensional case. 
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Corollary 1. / f  M~ is a two-dimensional manifold, then the following inequality holds: 

rkH, o + s < g .  

P r o o f .  For two-dimensional manifolds M~, we have [~1[-  If~0[ = 2 0 - 2 .  An application of Theorem 1 
completes the proof. I-1 

The ratio of the numbers of singular points of indices 0 and 1 sometimes enables one to obtain certain 
conclusions concerning the foliation. 

Corollary 2. /f [f~01 > [f/zI, then the foliation is compact and all its leaves are homologous to zero. 

P r o o f .  If [f/0I > [f/l[, then Theorem 1 implies the relations rkH~ = s = 0. i-1 
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